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that vegetative cover is capable of reducing the amount of
dust haze that the winds can pick up. Koval’s results then
lend support to the idea of vegetation on Mars, as is indicated
by Sinton’s spectrographic studies at the Lowell Observatory.
The character of the seasonal and secular changes in the
maria also support the interpretation of vegetation.

In conclusion:

1) The paper does reveal a considerable amount of Russian
work. -

ATAA JOURNAL

2) Dr. Koval’s paper is in need of some further elucidation
for a mixed audience of American readers; especially a fuller
explanation of the parameters of some of the graphs is needed.
But even without it, the paper is worthy of acceptance.

3) This Russian paper certainly meets the requirement for
originality.

4) Contrast measurements between maria and deserts have
been made by others, but the author’s method of analysis is
clever and useful.
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Linear Theory of Three-Layered Shells with a Stiff Core

E. I. GricoLyuk anp Yu. P. KiRYugHIN

HE object of this paper is a study of the general equilib-

rium equations of a three-layer shell with a stiff core in
an orthogonal system of curvilinear coordinates. In the
course of the analysis, the oscillations of an infinitely long
three-layered cylindrical shell are considered also.

In deriving the equations the following assumptions are
made.. The faces and the core are made of different ortho-
tropic materials, the orthotropic axes being mutually parallel.
All the layers are of constant thickness. The core is incom-
pressible in the transverse direction, and therefore the de-
flections of the middle surfaces of the faces will be the same.
Displacements in the middle surfaces of the layers of the shell
will be different for each of the layers. The usual Kirchhoff-
Love hypotheses are assumed to hold for the faces, whereas
for the core we shall establish a linear displacement law with
respect to thickness. The expressions employed for the
angles of inclination of the normal to the middle surface are
more refined than in the theory of shallow shells.? Tt is as-
sumed that the deformations always remain elastic.

First, we shall derive equilibrium equations for a shell of
arbitrary shape acted upon by an arbitrary load and arbi-
trarily heated with respect to the thickness and over its sur-
face. It is further assumed that the core is stiff, that is,
capable of withstanding not only transverse shear but also
loads parallel to its middle surface. A variational expression
is given for the potential energy of the shell. This yields a
system of equilibrium equations and the boundary condi-
tions. As an example, equilibrium equations in terms of dis-
placements are presented for a cylindrical shell.

Finally, equations are derived for the free oscillations of an
infinitely long cylindrical shell, the core of which will with-
stand only transverse shear. An equation for determining
the natural frequencies of the shell is derived also.

General Equations of the Problem
1. Displacements and Strains

As our surface of reference, we shall take the middle surface
of the core. We shall assume that after deformation a
rectilinear element of the core, normal to the thickness, is not
distorted but remains straight. Then (see Fig. 1) the dis-
placements in a surface equidistant from the middle surface
will have the following form:

In the upper face (¢/2 =z <¢/2 4+ 1):

u1+<z__c—|—t>¢1

“= 2
(1.1)
v =”1+<Z—cjt>¢2
In the lower face [—(¢/2) —t =2z = — (¢/2)]:
u = uz+<z+cg_t>¢1
(1.2)
v =vz+<z+c—2H>ll/z

Fig. 1

Translated from Izvestiia Sibirskogo Otdeleniia Akademii Nauk SSSR (Bulletin of the Academy of Sciences of the USSR, Siberian
Branch), No. 3, 12-24 (1962). Translated by Faraday Translations, New York.
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In the filler [—(¢/2) =2 = (¢/2)]:
_ u(e/2) —i—2u(—~c/2) n u(c/2) —cu(—6/2) . _ v(e/2) +2”(_c/2) + v(c/2) —cv(_c/Z) z (1.3)
Here
1 ow 1 ow v
heGat R V= Bon TRl -

are the angles of inclination of the normal to the middle surface of the shell; A, B are Lamé parameters; £, 5 are orthogonal
system of curvilinear coordinates in the middle surface of the core; w, v are displacements of a point on the surface along axes
& n; wi, 1, Uy, v, are displacements of a point on the middle surface of the upper and lower faces, respectively, along axes &, 7;
w is deflection, identical for all points lying on the same normal; R, R, are principal radii of curvature of the middle surface
of the core; and ¢, ¢ are thickness of the core and faces, respectively.

The normal and shearing strains? are

_Llouw,  Lod  w @ =L® 1B v
“ T 42t T 4Boy" R * T Bon " 4Bt T R,
1.5)
_Ad (u), B2 (s _ou_ow o _ow (
M= gop\4) T A0t \B =5 T o B =5 T on
since the shell is incompressible with respect to thickness, e, = 0.
2. Stresses
According to Hooke’s law, the stresses are:
In the core:
E, E,
01 —— [ + vues — (w1 -+ varws) T oy = ——— [e2 + vioer — (w2 + pa00) T']
T 1 = v 1 — vovn (1.6)
712 = Ghy1e 113 = GaYis T3 = Gy
In the faces:
' El, ’ rot ’ 1,7 ’ By
g = — la’ + rva'e’ — (o + va'w)T] o = ————— &' + me’ — (@ + v wNT] (7))
1 — »s'va 1 — wo'vy’

1o’ = Gy
Here E;, E, are moduli of elasticity of the core; wys, vs are Poisson coeflicients of the core; Gy, Gz, G; are shear moduli of the

core; w, ws are coeflicients of thermal expansion of the core; T = T'(£, g, 2) is temperature; and the primed guantities relate to
the faces.

~ 3. Forces and Moments

‘We shall introduce the unit forces and moments per unit length in the following way (see Fig. 1):

Nl‘ N11+N12+N13 M1V=M11+Jl[12+M13
Ny = Ng + Nz + Ny M2=M21+]‘122+M23
T =T+ Ty + T H =H + H,+ H,
where
/24t —o/2 /2
Nu = ch 0'1le N12 = f—c/2—t 0‘1le N13 = fjc/2 0‘le
/24t —c/2 /2
N?l = .ﬂjZ G'QIdZ N22 = f—c;2—t O'zldz N23 = fjc/2 Ude
/24t —c/2 /2
T1 = ﬁc/z Tlgle T2 = f—cc/2——-t 12’d2 T3 = fjc/2 ledz
(1.8)
/2+¢ ~c/2 /2
Mu = — cj2 Ul’zdz M12 = — f—c;2—t al’zdz M13 = — fj-c/2 0’1de
2 —c/2 2
Mgl = — j‘c‘;/z + az’zdz Mzg = — f—c;2—-t O’QIZdZ Mzz = — fj/c/z 0’2de
244 —c/2 /2
H = — fc/ re'zdz Hy = — f—cj2—t712/Zdz Hy = — f_cc/z 12202
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Substituting in (1.8) the expressions for the stresses (1.6) and (1.7), taking into account Eqs. (1.1-1.5), and setting

_ it _ A _ U _ U e
U="7 V=" iy

I 5 -1 -7 B LoV 108, w 12 (, U+
Nl_zBll: + Vv 1+V21 (,Ban-*_ABaEU R2>:|,+BI[ABE(U 4R1 a)-l-

124 [, te+t) ) w 12 (o it LOB( e+t \ w
AB on (V 4R, ﬁ) B T {B o7 <V 4R, B) VY (U 4R, “> Rz}:l B
2By (my” + va'me") — Bi(my 4 vayms)

1oV . 1 0B, w LoU 104, w 10 i + 1)
o= | 29Y 4 2 9Py Y 294y W -
Ny = 2B, [ 2t apa! Tm T (A 5t T ABon’ R1>]+B2 [Ba <V 4E, B) +

1 oB _t(c+t) _w 19 _t(c—l—t) 1 04 _t(c—’,—t) _owl]
AB dF (U 4R, “) R T {A Y3 (U 4R, ) T 4B oy (V 4R, 5) R}]

2By (my' + viy'my’) — Ba(my + viems)  (1.9)
reom G ae (o v o)) len (- )+ B (- Mt) -
;Ba;] (U t(cz;;lt) “) B 2179%2 <V B t(c4;2t) B)]
I ORI R
(o -T2 dsthe e (2 2]

O fe+t ¢ t1 ow 1 04 fc+t t t 1 ow
D[Aag( c YT mY T £>+ABan< . ﬁ'chV_cBan>+

10 10 1
= [ (35t g V) +

)
B - R e -4 s
e D £ 4308 A (4

e i s (520

(b3 (- - t18) 1 LR 1)
ylz{i%(cjta—c—é—l —i%%—"é) ﬁ%%(cjtﬂ—cim —%%}%>}]+2D9'(nz’+1/12’n1’)+Dz(n2—l-v12n1)

- rli(la_w 1 > li(la_w 1 >_i?é low 1 >_

= =D [an 10t TR Y) T ase\Boy TR) T ABon\dot T ® Y

10a 108 1 (04 1 12 fe+t
Bon T Aot AB( +ag )] zD‘*[Ean< c ¢
t t 1ow 10 fc+t t t 10w 1 fe+t t t1 ow
&Y o £>+Ab£< A A cBan>"Ha< ¢ a—chU—cAbE)_

1o(atty Ly tlon)]
ABRE\ ¢ Ry ¢ B oy

BlzLEl_c_ B2=ﬂ_ B‘I=__E}t_ B, = Ey't

1 — vy 1 — vovn 1 - V12'V21/ 1 — va'va’

Here
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Ecd Eyc? B B3
=— Dy = ———— Dy = —————— Dy = —————
Di= 50 = ) T 12(1 — vigem) Y121 — v'va) T 12(1 — me'va)
Eytle 4 t)2 Et(c + 1)2
C, [t S AL C [ AN B [ ’ 2
1 2(1 _ V12,V21’) 2 2(1 —_ V121V21’) 08 Gl t(C + )
B3 = G’lc Bgl = Gl,t D3 = G103/6 Ds’ = Gl’ta/ﬁ
= (mn' 4+ ma')/2 my = (' + ma')/2 ' = (nn' + nw')/2 ne' = (mg’ + na’)/2 (1-10)
1 ¢/2+t ) 1 —c/2 1 c/2
. ’ [ ’ _—
My = t ‘];/2 w1 Td.? Mosg 1 /2t w1 Tdz my = B f~c/2 wlez
1 ¢/2+t —c/2 1 c/2
r _ = ’ [ ’ -
M = fc/z @/ Tdz  ma' = 5 f a2 T ma = o f ez T2
12 fc/24t 12 f—c/2 12
ny' = 7 Jop w'zTdz Ngy' = 7 f—c/2—t w,'2Tdz m==5 ) . wi2Tdz
12 fc/2+t 12 f—c/2 12
r _ - ’ ¢ 2= ’ -~ .
[C 18 Jes2 wy'2Tdz 721 £ J o2 wy'2Tdz N o Jooe w2 Tdz

The equilibrium equations and boundary conditions will be obtained by an energy method. Thus, first we shall find the vari-
ation of the potential energy of the composite shell.

4. Variation of Potential Energy of Shell

For the core we shall take into account the transverse shear energy. Then the variation of the potential energy of the shell is
2 (b2 /24t
51-_[ = j:: j‘bl 3f (0‘1561 + 0'2562 + T126’)’12 + T135’Y]3 + Tzs&’ng)dZ + f” ((71'661' + 0’2’662, + 7-12'6712’)dz +
f_/z ; (01'8e,” 4+ o2'0e’ + T12"8v12)dz — 16U — g6V — p&wg d&dn

Here ay, a2, by, bs are coordinates of the shell edges in the direction of the axes £, #; and ¢y, ¢z, p are components of the external sur-
face load along the axes £, ,2. Taking into account Eqgs. (1.1-1.7 and 1.9) and integrating by parts, we get

M1+m1* 1 oB M2+m2* Pe) 1 H"“mlz*
o= [ AL S dn (o= 22+ % (e 2 57) - S (5 (7 - 520)) -

L%(T_H—i—mm*)_(;i(c-l—t ot tlow bw)_
ABon i 'Ry

c cRy c Ao Of
oyl _ M+ my* 104 _MiAm*N 0 g1 H A me™\|
[_ on {B <N2 R, )} T A on <N1 R, ) DE {A (T R, >}

*
SO (pHamy g b (et Ly tLlow_ony Ty

ql] oU +

AB DS R2 R2 C CR2 c B an 37']
°oj1o % _ L OB » 4 2 04 —a(t
[—b—g £ 200+ ) = 08 k) + S 02<A+c>><
¢+t t t1ow ow _ o 410 1 04
< ¢ a_CRﬁU—CA E_ag>} an {Bga (1M2+m2) AB2D (]l/jl—'_ml)—l_

2 0B t ¢+t t 10w Ow o2 1
AB?a_g(H+m12)_G3<f;+c>< . 5—673217—;733;’*87)} 2650{ (H +m12)}—
Ny | Ne) 0 l[ et D *] _9 1[ _ et

<R1+Rz> ”}5“[ as{A T A T ¥ T Al [

1 OB *_(C *] 1_ I: ® _ § *]
ABDE[m 4R1 (N1+711) AB M2 4R, (T 4+ n® | +

+¢ t t1dw ow D L N O
Gz(c+t)(-—a—CEU—gZaE ag>:|5a+l: bn{B[mz ik, (N2+n2*)]}—

O |1 r e+t « 1 04 * (c+f)2
O—E{Z l:mu) h iR, (T + me ):|} ABC l: (Nl +m )] -
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1 2B (c + 1) c+t it t1ldw _ duw

a: §1 H 4 my,* 1 My + my* < 9
P - B (- B [ s 3ym-

1 o4 ettt tlow 2w\l 1 v 20
4B on (M‘+m‘)‘G3< +6)(c TR’ T cBon an)]aw g Metmao o0+

L[ty IS TN R
g L P L L

e )1 M * 1 H * 10 1
J;l:{z(N1—'l—;1—ml—>5U+Z(T—"——-;2ﬂ‘>5V+[ & () + 2 {§<H+mn*)}—

1 oB c+1 ¢ t10w Oow
A2BDE (M2+m2 ) — Gz (Z +C><—C—a - CR;U CAOE as):l Sw — (M1+m1 )6'*5

2 : az) b2
L= SR it n Joa ok [ = CE @ o8} i =4[ @+ [Ty

where
= - + (M = M) = == N my* = ¢ '2H(2v11 VR LV
mt = - i (M — M) — ﬁt Nu m* = er b (N — Na) = 58 1 (1.12)
nmzc—%_—t(Hl—Hz)—cfrt mu*=c-2’_t(T1—T2)—c+tH3

Subject to the equilibrium conditions 6II = 0, the integrands must be satisfied for any value of 86U, 8V, dw, éa, 63. The first
integral of expression (1.11) gives the five equilibrium equations of the shell; the second and third integrals give the boundary
conditions; the last term represents the concentrated forees at the corners of the shell.

The linear equations in Ref. 1 can be obtained from those given here by passing to a Cartesian coordinate system (whereupon
A = B = 1) and neglecting terms with B, or B, in the denominator.

5. Equations of a Cylindrical Shell in Terms of Displacements

As a special case of the foregoing equations, we shall find the equilibrium equations of a cylindrical shell (4 = B=1,R; = R,
R, = »). Using the force and moment Eqs. (1.9) and (1.12), we get the equations of a cylindrical shell in the form

Wy = ¢1 blny + b2Vz:: + b3V1/y - b4 Lz V - b5ta,,, —_

alUg;x + a2Uyy + a3V:cy’ - az4t,81y — Qs R

1
R

1 1
befBez — bitByy + bs R B+ botweay + brofWyyy, — bun R Wy

dStRazzz + thRam/y - d70£,; + d8tRBzzy + dE)tRBm/y - dloﬁy - d11R2wz:cxz — dlZszzxvy - dlSszyyuy + d14w:cz +

1
= ¢2 dl E Uz - d2tsz1/ d3tVyyy + d4 V +

d15w1111 dlﬁ w = ¢3 - KltV:cy + K2R2a:c:c + K3R ayy - K-ia + K5RZB“, - KGR Wezz — K7R Wy + szx =

R

¢4 - lltUzy —_ lgth - 3tVyy + l4 V + Z5R2az,, + lsR2Bzz + l7R26;y - ls,B —_ ZR Wezy — lmsz,,,,,, + luw,, ¢5 (1.13)

where
o =1 s = 233' + B a5 = ay + 231'1’21' + By
' *"2B/+B 2B, + B
a=6‘|‘t_B1V21+B3 - —a
“T 4R 2B/ + B some
B — 232'1/21’ + B2V12 92 By = b Bs + 233'
! 2By’ + B, b '2ByY + By
- e B ¢ -1
=14 pom b= opr gy b= it b
b5=c+t Bs b7_6+t B2

3R 2By + B, ~ 3R 2By + B,
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_ _Gitle + 1) _ by _ b -
bs = 2By + By by = b | b + b by = 2R by = s+ 1
by
dl = bl - I; d2 = b9 d3 = blO d4 = bll
_ec+t B _ 1
&= or 557+ B, G = ilbrut2b
Rk _ _1 _ gt [<c+t>
dT - 0(232, + BQ) d8 - d6 d9 - 4b7 le - ZR b7 + t bS
_#* By + 2B/ e e
% = op 9B, ¥ B, de = ggebe e = op
_ _ G+ 0 _ _
di = ds dis = 0(232' x Bz) dis = 1 K, = b;
K - (C + t)2 B1 + 6B1, K = (C + t)2 B3 + 633’
: 12R* 2By + B, s 12R* 2By + B
_ . (¢ + t)? By + 6By’ + B; -+ 6By’
Ro=di K= "ops 2By’ + B
KG = (t/R)dS K7 = (t/R)dﬁ KS = d15
Iy = bs Iy = bs I =b; ls = bs =K,
3 2 ,
R Gl t)2_<1 T 7) B: + <1 T 12R2> B,
¢ 12R? 2B, + B
3 £ ,
R t)2_<1 + 4R2> B + (1 + 1232) B
T U 12Re 2B, + B,
ls = Ks ly = (t/4R)(br + 2bg) Lho= (t/4R)b: ln = dy

Here the subscripts z, y indicate differentiation with respect to the corresponding variables.

include temperature terms and components of the external load.

Oscillations of a Cylindrical Shell

For a cylindrical shell of infinite length we assume the fol-

lowing displacements:
In the upper face:

c+1 ow\ 1
v =11 + (z - ><01 + aq)) i (2.1)
In the lower face:
c+t dw\ 1
U=7)2+(Z+ 2 ><U2+a—(p>1—3 (2.2)

For the core we shall have:

ROLIGHN

v

(

IR

[}

)-+(-3

)

2
2 c
Ly M8 Tediy L1y, on)]
N 4 R [c B CR(V+O<,9 ?

The term 8/R can be neglected, since it is of the order of
lt/R| < 1. Then, writing out the first two terms of this

expression, we get

1)1+1)2 t
2

Ul‘i‘Uz_

The right-hand sides of Eqgs. (1.13)

Accordingly, for the core:
c+1

4

i1
f=E

v=V+|:

<V -+ %Z):l z (2.3)

The normal and shearing strains will be:

1 fow '
ch )
(2.4)
o 1 ow
’793—&““1'3@

For an infinitely long shell ¢ e, = 0. The stresses are
expressed by Hooke’s law.
Having computed the variation of the potential energy of

the shell

- 27 c/2
o8Il = j:) %f—c/2 (0’2662 + Tzz(S’st)dZ +

fc/2+1
c/2
using Egs. (2.1-2.4), we get the equilibrium equations of the

shell. Substituting inertia forces for the components of the
external loads p and ¢

—c/2
o'be’dz + f—c/2—t oq'de'dz — pdw — qéV% Rdo

29"t + ye OV
g ot?
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_ 2t yedw

h g ot?
where v’, v are the densities of the material of the faces and
core, respectively; and ¢ is acceleration due to gravity; we

get the following system of equations for the free oscillations
of the shell (in the absence of heating):

W’ — o’ + V' — sV — RS + BB — oV = 0

w' — 6w’ + 6,V — 6,V — R 4 6RB =0
(2.5)
,wIV — 'Ylwll + Yow + ’73V”' _ ,y4Vl _ 'YSRBI” +

'YGRB + ’Y7’U_) =0

where

_12R2 [1 Gitle + 1) ]
= t2 C(2B2’ + Bg)
as = 1 + (12R%/t?)

_12R* Gy
& = t2 0(2321 —I— Bz)

By(c 4+ 1) 12R?

= —————— as = o —

{(2By" + By)

_ 12R* B*(2v't + vo)
a = ——9(232,+B2) (2.6)

12R* Gil(c + 1)

t?

b = 2 cB,

6, =1 0: = [I/(c + 816

6, — (1+5R2_2) GBz’t(}cgz—i—t) _l_c-;t

0s = 6, 1= [le + 8/tlas Yo = g — 1
vs =1 Vi = Y5 = ap

Te =M1 Y1 = O

The quantities entering into (2.6) are represented by Egs.
(1.10). Primes denote a derivative with respect to the vari-
able ¢, dots a derivative with respect to time ¢.

Equations (2.5) can be obtained from Eqgs. (1.13) by equat-
ing to zero U,a,T(z, y, 2), and all derivatives with respect to
z, and also substituting inertial forces for the components of
the external load.

We shall give the solution of system (2.5) in the form

V = Vet cosng B = Boe™ cosne @7
w = wee™ sinng :

where w is the natural frequency.

Substituting solution (2.7) in Eqgs. (2.5), we get a homo-
geneous system of equations in Vi, 8, and w,. For nonzero
values of Vo, By, and w, the determinant of this system must

ATAA JOURNAL

be equal to zero. Consequently, on expanding the deter-
minant, we get a characteristic equation for determining
the natural frequencies of the shell:

Aot — dw? — A3 =0
where
Ay = —Rag®(6n® + 61)
A = Rag[(0m* + 8)(n* + can? + aon® + a5 + vi) —
a¥n? 4+ 0)(am? + v) — (0 + 05)(am?® + a5)]
Az = Rn*(n? 4+ o) [(n® + a)(0n? + 6) —
(asn? + as)(n? 4+ 01)] + Bn2(am? + v)[(n2 + 6;) X
(am? + ;) — (0* + 0)(n* + ar)] + RB(n* + cnn? -
o) [(aan? + as)(n? + 05) — (0m* + 0)(an? + a5)]

i

If we assume simpler expressions for the displacements in
the layers of the shell, neglecting the ratios v;/R and v,/R,
then, in an analogous manner, we arrive at the following
system of equations for the free oscillations:

w = V"' +aV =0
w'' — fw' — 6.RB" + O;R3 =0 (2.8)

,wIV _ ")71'w” _|__ ’)72'(1) — ,}72vl — ,y—aRﬁ/l/ +
VBB + s = 0

Here
0 = (t2/12R2)0€6 0_1 = 93 =
- R? ce -+ t)
bcpret Tt o
71 = (e + ¥/ tlay 72 = 12R*/1?

Vi = To = [c + %] Vs = o

Substituting solution (2.7) in Eqgs. (2.8), we get the char-
acteristic equation

A1w4 - 1‘[2(.02 - z‘ia = 0

where

A1 = Ras(6: + 6:n?)

As = _R[(él + 52n2)(&1n4 + @ayn? + @y + v —
an® (0, + n) (1 + 7]

A5 = Bn*[(0, + 92712)(')71 + n? — ((‘71 + 72 (¥ + vn?)]
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Reviewer’s Comment

This paper presents a definite contribution to the field of
small deformations of sandwich shells. The research is
based on the common assumptions accompanying small
deformation theories, together with the simplest assumption
possible regarding sandwich analysis, namely, that the core
is rigid and carries only shear and extensional forces.

It is of interest to note that a closely related linear elastic
analysis of a flat sandwich panel under very general condi-
tions of temperature and load was presented by I. K. Eb-

cioglu as Aeronautical Systems Division TR 61-128 “Thermo-
Elastic Equations for a Sandwich Panel under Arbitrary
Temperature Distribution, Transverse Load and Edge
Compression,” 1961. This report considers an arbitrary
temperature distribution in all three directions, a general
transverse load, and edge compression of the panel. The
core is assumed to be orthotropic, as are the faces of different
thicknesses and materials. The author obtained general
differential equations for the panel and formulated boundary
conditions. Furthermore, the author reduced the five gov-
erning differential equations for the sandwich panel to two



