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that vegetative cover is capable of reducing the amount of
dust haze that the winds can pick up. Koval's results then
lend support to the idea of vegetation on Mars, as is indicated
by Sinton's spectrographic studies at the Lowell Observatory.
The character of the seasonal and secular changes in the
maria also support the interpretation of vegetation.

In conclusion:
1) The paper does reveal a considerable amount of Russian

work.

2) Dr. Koval's paper is in need of some further elucidation
for a mixed audience of American readers; especially a fuller
explanation of the parameters of some of the graphs is needed.
But even without it, the paper is worthy of acceptance.

3) This Russian paper certainly meets the requirement for
originality.

4) Contrast measurements between maria and deserts have
been made by others, but the author's method of analysis is
clever and useful.
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Linear Theory of Three-Layered Shells with a Stiff Core
E. I. GRIGOLYUK AND Yu. P. KIRYUKHIN

THE object of this paper is a study of the general equilib-
rium equations of a three-layer shell with a stiff core in

an orthogonal system of curvilinear coordinates. In the
course of the analysis, the oscillations of an infinitely long
three-layered cylindrical shell are considered also.

In deriving the equations the following assumptions are
made. The faces and the core are made of different ortho-
tropic materials, the orthotropic axes being mutually parallel.
All the layers are of constant thickness. The core is incom-
pressible in the transverse direction, and therefore the de-
flections of the middle surfaces of the faces will be the same.
Displacements in the middle surfaces of the layers of the shell
will be different for each of the layers. The usual Kirchhoff-
Love hypotheses are assumed to hold for the faces, whereas
for the core we shall establish a linear displacement law with
respect to thickness. The expressions employed for the
angles of inclination of the normal to the middle surface are
more refined than in the theory of shallow shells.1 It is as-
sumed that the deformations always remain elastic.

First, we shall derive equilibrium equations for a shell of
arbitrary shape acted upon by an arbitrary load and arbi-
trarily heated with respect to the thickness and over its sur-
face. It is further assumed that the core is stiff, that is,
capable of withstanding not only transverse shear but also
loads parallel to its middle surface. A variational expression
is given for the potential energy of the shell. This yields a
system of equilibrium equations and the boundary condi-
tions. As an example, equilibrium equations in terms of dis-
placements are presented for a cylindrical shell.

Finally, equations are derived for the free oscillations of an
infinitely long cylindrical shell, the core of which will with-
stand only transverse shear. An equation for determining
the natural frequencies of the shell is derived also.

General Equations of the Problem

1. Displacements and Strains

As our surface of reference, we shall take the middle surface
of the core. We shall assume that after deformation a
rectilinear element of the core, normal to the thickness, is not
distorted but remains straight. Then (see Fig. 1) the dis-
placements in a surface equidistant from the middle surface
will have the following form:

In the upper face (c/2 ^ z ^ c/2 + t):

u =

v =
(1.1)

In the lower face [-(c/2) -t £z£ - (c/2)]:

U = Ui + ( Z

(1.2)
V = 02 +

Fig. 1

Translated from Izvestiia Sibirskogo Otdeleniia Akademii Nauk SSSR (Bulletin of the Academy of Sciences of the USSR, Siberian
Branch), No. 3, 12-24 (1962). Translated by Faraday Translations, New York.



OCTOBER 1963 THREE-LAYERED SHELLS WITH A STIFF CORE 2439

In the filler [-(c/2) ^ z ^ (c/2)]:

M(-c/2) M(c/2) - u(-c/2) v(c/2) + t;(-c/2) t;(c/2) - t;(-c/2)
(1.3)

Here

, Idw . u , 1 dw v
*-Iaf + ft *'-B&; + & (L4)

are the angles of inclination of the normal to the middle surface of the shell; A, B are Lame parameters; |, rj are orthogonal
system of curvilinear coordinates in the middle surface of the core; u, v are displacements of a point on the surface along axes
£, 77; HI, Vi, uz, Vz are displacements of a point on the middle surface of the upper and lower faces, respectively, along axes £, 77;
w is deflection, identical for all points lying on the same normal; Ri, R2 are principal radii of curvature of the middle surface
of the core; and c, t are thickness of the core and faces, respectively.

The normal and shearing strains2 are

= Lf^ j_ J_M _ yL =L**a. _L J_^? _ !?.
61 "" A d£ + ZB £77 V ~ #! 62 ~ 5 dr; + A5 d£ " R2

(1.5)
A 5 /w \ 5 d /v \ dw bw; . c)y diw

711 = Tl3 = ~ T23 = ~
since the shell is incompressible with respect to thickness, 62 = 0.

2. Stresses

According to Hooke's law, the stresses are :
In the core :

7T7 T77

- —— cr2 = n ——— - —— [e2 + ^1261 — (co2
1 — ^12^21 (1.6)

Tis = (r27l3 T23 =

In the faces:

<r2' = 2 , , [e,' + ^,'ft' - («,' + i^i'wjOr] (1.7)
—"JL -, i t LVL I " i\. *~t \wl I ''ZI "•'Z /-•• J W Z — -«

1 — PI 2 P21 1 —

Here EI, EI are moduli of elasticity of the core; z>i2, v^i are Poisson coefficients of the core; GI, ft, ft are shear moduli of the
core; coi, co2 are coefficients of thermal expansion of the core; T = T(£, 77, z) is temperature; and the primed quantities relate to
the faces.

3. Forces and Moments

We shall introduce the unit forces and moments per unit length in the following way (see Fig. 1):

T =TI + TS + TI H =Hl
l+H2 + H,

where

T f~C / 2 /J AT CC/'
^12 = I /0 (Tl'd2 A^13 = IJ —c/2-t J -c,

/
-c/2 ^ /»c/2

-c/2-t 2 23 J —

fc/2 + t f f-c/2 m fc/2
1 == I /7"l2 flte -i 2 == I Tl2 iJc/2 J—c/2 — t

'c/2 + « f , ,T T-c/2 _ _ /-c/2

:/2

^?1 = Fc/2 -•" -•" J-c/2-r^~ *"° J-c/2

'da T,
(1.8)

fc/2 + t f-c/2 fc/2
Mn = — I , 0i zaz M i2 = — I 0i zaz MIS = — I

Jc/2 J -c/2-t J- c/2

fc/2+t f-c/2
f z i = — I , o-2'zdz M22 = — I , o-2'zdz M23 = -

Jc/2 J -c/2-t

fc/2+t f-c/2 j*Cj
Ii = - I rw'zdz H2 = - I r12'̂  ^3 = - I

Jc/2 J -c/2-t J-
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Substituting in (1.8) the expressions for the stresses (1.6) and (1.7), taking into account Eqs. (1.1-1.5), and setting

_ MI. + Uz T/ _ Vl + Vz - Ul ~ u* a - Vl "" ^2
u ~ 2 Y ~ 2 a ~T+T * ~ 7T7

we get

57 1 5B

1 5 A / f(c + f) \ « f l 5 / t(c + t) \ 1 5B / t(c + t) \
AB*n \V - "ItfT &)~Ri + "21 \BZ~r, \V~ ~4RT ? ) + AB^k \U ~ ~4&T~ ) ~

«) - s - - {if, ("-*£>•)+ f/4 (- *£> *) - ll] -
(1.9)

-

JL^ (TJ _ ̂ -M ̂  _ J_M
AJ5 dry \ 4B! / ABt>S

X 5A / 1 ̂  , 1 v\ . Jl 5 / I d w , 1 v\ ,— - ̂ -- + - V) + ,21'|-- ̂ - + WJ) +

^ 1 dA /I dp J_**
d£ + AB d^ + Vn \B <*n + AB ̂

+ 0

0)77 \ c

n P-i— fc±J - —U-1 -— ̂  4-^-
LA^\ c a cRi cAdtJ^ABbric cR2 c B

0 t T7 * 1 bw\ . 1 5B /C + « * 77 * 1 ̂
0 ~ ~ B ~ 7 ~ ~ D ^ ) + T^~^M ——— a ~ ~ ^ C 7 ~ ~ T 7 ^c^2 c B by/ AB c)£ \ c cJ?i c A d ^

/ Ai W)

, . v ^ , . , _
" 2 " a + "12

n n — (C + t R - — V - *i^ 4- J-^M A + ^ _ _Lrj _li^2 \_B ̂  \ c P cR/ cB dr?/ ^ AB^\ c * cR, c A bj

1 b /c + < * rr « 1 cH<A . 1 5A /c + t t T_ « 1 dw\n , on 7/ , , , ,x , n /
T ̂  I ————— ^""^"^"""7"^)+ T^^~ I ————— £ ~ ~ ~ ^ 7 ~ ~ D T U + 2Z)2 (^2' + ^12'Wl') + #2(A d^ \ c cRi c A d^/ A5 dry \ c c#2 c B d T y / j J

Tl 5 Abu, 1 \ I b _ / l b u ; J. \ ^ d A / l d ^ 1 \
~ ~A L^^U"^ «i / A5f U^ ft / " A B d i y U ^ ft / "

1^ /n^ j . I^ _L/^ _ L ^ p M X r. f1 ^ A + t
~ 2C* IB^ + A d ? ~ AB\*r, " + d? P / J " 2 ^3 [_B ̂  \ c *AB

_L _ i 1 <^A i L ^_ A + t * _ _L v - ~ - — ̂  - ^c + *_ i _ * _ _ v - ~ - — - — _ _ _ . _
i c A d£/ + A d? \ c f t cRz cBdy) AB \ c " cRi cA

_L ̂ ? (c + ^ fl _ J_ y _ * 1
AJ5 d? \ c P cE2 c 5 dry

Here

1 — Vl2I>21 1 — VizV^l 1 — Vtf'vzi' 1 — Vl2'
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12(1 — vizvzi) ~"

r t E^(c

2(1 -

Bt = GlC

mif = (mi/ + m22')/2

->'=7/;r
t J c/2

, 12 fc/2 + t
77/11 ~ t* Jc/2

, 12 fc/2+t
^12 — "TT 1 ,i* Jc/2

12(1 - j>i2e,i) * 12(1 - v

ifcW) ' 2(1 - ^12V2/)

Bj = Gi't Dz = GiC3/6

m2' = (mi2' + m2i 0/2 ni' = (/in

/ i r~c/2
COi 1 tt^ 77122 = — 1 (jOi'Tdz

t J — c/2 — t

co2 Tdz w2i = — 1 (jiv'Tdz
t J —c/2-t

12 r-c/2

, , 12 /•-c/2 ,

t* J -c/2-t 2

t t\ ^2 1O/1 „ '„ '\'12 ^21 ) 1^5 V.1 — ^12 ^21 ,)

C8 ft *(c + 0

Z)3' = ft'^3/6

/ + w220/2 n2
; = (n12

; + n2iO/2 (1.10)

mi — — I MiTdz
C J —c/2

1 fe/2
C J —c/2

12 fc/2

C3 J —c/2

12 /*c/2

C3 J -c/2

The equilibrium equations and boundary conditions will be obtained by an energy method. Thus, first we shall find the vari-
ation of the potential energy of the composite shell.

4. Variation of Potential Energy of Shell

For the core we shall take into account the transverse shear energy. Then the variation of the potential energy of the shell is

/
o2 /*&2 ( /*c/2 /*c/2 + £

I, ) I ln (o-idei + <r25e2 + Ti26y12 + rudjn + r^dy^dz + I (oi'Sei' + a^be^' + rn'by^dz +
n J 01 (J —c/2 Jc/2,

f~C / 2 (ori'Sei' + o-2'5€2' + n2'57i2')d2 - qidU - qzdV - pdwl d£drj'
J — c/2 — t )

Here 01, a2, 61, 62 are coordinates of the shell edges in the direction of the axes £, 97 ; and qi, qz, p are components of the external sur-
face load along the axes £, rj} z. Taking into account Eqs. (1.1-1.7 and 1.9) and integrating by parts, we get

5 (1 / Jf1 + m.*\) 1 dS/ M2 + m2*\ d /I / g + m12*\)
~ al U V ~ «x Jf + IB &l V 2 + ft / ~ ^7 IB V st Jf ~

1 bA f H + mn* „ t c + t t t 1 dw bw\ I
- « - u ~ ~ ~ 31 u

t l d w
IS ~

x

(S - 1) -] - + [- 1 {i

jl r „ (c + Q a
/ / n , *N~ll , 1 b A T „ (c + Q2

 / A r , ^1
<7 mi2* - — — — (T + nj2*) > + Y^"ST mi ~ "To — ̂  + ni ) ~(A L 4jK2 J) A5 dry L 4^2 J
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-

1 5 ti
t t \. <5w c)w\~\ \ . ^ dw

cRi c A c)£ d£/ J A2 * * d£

+ in*) Ua + ^ I m12* - ̂ ^ (T7 + w12*) 1 S^P drj - < \ ̂  (H + n12*)Tt * (1.11)1 " ' 4#2
 y j K J a i (L4# J0J6l

where

tf 11 ~ MM) -
C i~ t ^5

C ^r * C + M23 (1.12)

c + t ra12* =

Subject to the equilibrium conditions dlL = 0, the integrands must be satisfied for any value of dU, dV, dw, da, d/3. The first
integral of expression (1.11) gives the five equilibrium equations of the shell; the second and third integrals give the boundary
conditions; the last term represents the concentrated forces at the corners of the shell.

The linear equations in Ref. 1 can be obtained from those given here by passing to a Cartesian coordinate system (whereupon
A = B — 1) and neglecting terms with R\ or R% in the denominator.

5. Equations of a Cylindrical Shell in Terms of Displacements

As a special case of the foregoing equations, we shall find the equilibrium equations of a cylindrical shell (A = B = 1, R2 = R,
R1 = oo). Using the force and moment Eqs. (1.9) and (1.12), we get the equations of a cylindrical shell in the form

xy + b2Vxx + bzVyy — 64 — V — b$taxy —

1 1 1
y —— bll "̂  Wy = 02 dl "ZT UX —— d^tVXXy —— d^tVyyy ~f" C*4 ~ Vy ~\~H ri H

y — dwf$y — dnR2wxxxx — d1

- d16 ̂  w = fa - K!tVxv + K2R*axx + K,R^ayy - K,a + K,R2/3xy - K^wxxx - K^wxyv + K8wx =

xy xx i y - - 9 x x y - w v y v + luwy = <£5 (1.13)

where
O Z? ' I 13z/53 -j- .DO

2 21V + A

c + t BlVzi + ^3

63 = X

b* = 3R

C ( 2 B + BO

+ f £3 c + t B2
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•f 0
c(2ft' + ft) = 610 ( 0i + -2 j 610 = -^p 611 =

6,
65

= 01

c + ft
2ft' + ft

c(2ft' + ft)

_ <2 ft + 2ft'
2iBz -f- .ft

2443

= d7 "1S c(2ft' + ft) ""

(c + O2 ft + 6ft' ,., • (c + *)2 B3 + 6ft'

_ A-d,

l\ = 05

2ft' + ft

(C +

2ft' + ft

! + 6ft V21' + ft + 6ft'

2ft' + ft

^7 = (t/R)d, K8 = dl5

= 06 fe = 0? ^4 = 08 ^5

+ 02

12R* 2ft' +

(c
2ft' + ft

+ 266) Z10

Here the subscripts a;, y indicate differentiation with respect to the corresponding variables. The right-hand sides of Eqs. (1.13)
include temperature terms and components of the external load.

Oscillations of a Cylindrical Shell

For a cylindrical shell of infinite length we assume the fol-
lowing displacements :

In the upper face :

In the lower face:

dw\ 1

&w\l

(2.1)

(2.2)

For the core we shall have:

v =

= V - t(c + t)

The term /3/R can be neglected, since it is of the order of
\t/R\ <£ 1. Then, writing out the first two terms of this
expression, we get

^1X*«5^~7

Accordingly, for the core:

The normal and shearing strains will be :

1 /dv

(2.4)

T?3 = 52 ~ R d^

For an infinitely long shell ei = ez = 0. The stresses are
expressed by Hooke's law.

Having computed the variation of the potential energy of
the shell

( f
j I _

/•
I

J c

c/24-l

/2

/*
I

J

— c/2
/

— c/2 — t

)
- pdw - qdV\ Rd<p

)

using Eqs. (2.1-2.4), we get the equilibrium equations of the
shell. Substituting inertia forces for the components of the
external loads p and q:

2y't + jc d2F
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_
P==

'£ + 7°

027" -

+

0

where 7', 7 are the densities of the material of the faces and
core, respectively; and g is acceleration due to gravity; we
get the following system of equations for the free oscillations
of the shell (in the absence of heating) :

wiy - yiw" +

where

a =

- y,Rftfff +
yQRft +

(2.5)

= 0

= 1 + (12B2/*2)

c(2£2'

c + t) a5 = oti —

R*(2y't + 70) (2.6)

02 =

2'(c + t) c + t
t

05 = 0 i 7i = l(c + t)/t]a6 72 = c*2 ~ 1

7s = 1 74 — c^i 7s = #5

76 = 7l 77 =

The quantities entering into (2.6) are represented by Eqs.
(1.10). Primes denote a derivative with respect to the vari-
able (p, dots a derivative with respect to time t.

Equations (2.5) can be obtained from Eqs. (1.13) by equat-
ing to zero U,a,T(x, y, z), and all derivatives with respect to
x, and also substituting inertial forces for the components of
the external load.

We shall give the solution of system (2.5) in the form

V = cosn<p
w = w

= ft0ei<at cosn<p ,~
^

where co is the natural frequency.
Substituting solution (2.7) in Eqs. (2.5), we get a homo-

geneous system of equations in F0, Po, and WQ. For nonzero
values of Fo, fto, and WQ the determinant of this system must

be equal to zero. Consequently, on expanding the deter-
minant, we get a characteristic equation for determining
the natural frequencies of the shell :

A2co2 -^3 =

where

00

00 (n4 a,
71) -

A. =
+ «5)(n2 + 00] + H
+ as) - (n2 + 03)(n2

00 -

+ 70 [(n2 + 00 X
c*0]

If we assume simpler expressions for the displacements in
the layers of the shell, neglecting the ratios Vi/R and v2/R,
then, in an analogous manner, we arrive at the following
system of equations for the free oscillations:

w' - V" + aiV = 0

w'" - Siw' - 02fl/3" + SsRft = 0 (2.8)
wlv — yiw" + y%w — yzV — y^Rft'" +

Here

+ c2 4 ̂  t(R* + c2)

7i = c Z 72 =

7« = «4 74 = [(c + 02A2]«3 7s = a:6

Substituting solution (2.7) in Eqs. (2.8), we get the char-
acteristic equation

- J2co2 -^3 =

where

02n2)
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Reviewer's Comment

This paper presents a definite contribution to the field of
small deformations of sandwich shells. The research is
based on the common assumptions accompanying small
deformation theories, together with the simplest assumption
possible regarding sandwich analysis, namely, that the core
is rigid and carries only shear and extensional forces.

It is of interest to note that a closely related linear elastic
analysis of a flat sandwich panel under very general condi-
tions of temperature and load was presented by I. K. Eb-

cioglu as Aeronautical Systems Division TR 61-128 "Thermo-
Elastic Equations for a Sandwich Panel under Arbitrary
Temperature Distribution, Transverse Load and Edge
Compression/' 1961. This report considers an arbitrary
temperature distribution in all three directions, a general
transverse load, and edge compression of the panel. The
core is assumed to be orthotropic, as are the faces of different
thicknesses and materials. The author obtained general
differential equations for the panel and formulated boundary
conditions. Furthermore, the author reduced the five gov-
erning differential equations for the sandwich panel to two


